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Nonsmooth composite minimization

minimize
x

f(x) + g(Tx)

T – select coordinates to impose structure

f – strongly convex; Lipschitz cts gradient

g – non-differentiable; convex
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Examples

Optimization problem g(z)

minimize
x

f(x)

subject to T x = b
g(z) =

{
0, z = b

∞, otherwise

minimize
x

f(x)

subject to T x ≤ b
g(z) =

{
0, z ≤ b

∞, otherwise

minimize
x

f(x) + γ ‖Tx‖1 g(z) = γ ‖z‖1
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Proximal operator and Moreau envelope

Proximal operator

proxµg(v) := argmin
z

g(z) +
1

2µ
‖z − v‖2

Moreau envelope

Mµg(v) := g(proxµg(v)) +
1

2µ
‖proxµg(v) − v‖2

continuously differentiable in v

Parikh, Boyd, FnT in Optimization ’14
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Augmented Lagrangian

minimize
x

f(x) + g(Tx)

⇓
minimize

x,z
f(x) + g(z)

subject to T x − z = 0

Augmented Lagrangian

Lµ(x, z; y) = f(x) + g(z) + yT (Tx− z) +
1

2µ
‖Tx− z‖2

︸ ︷︷ ︸
penalty terms

Boyd, Parikh, Chu, Peleato, Eckstein, FnT in Optimization ’11
5 / 21



Proximal augmented Lagrangian

Lµ(x, z; y) = f(x) + g(z) +
1

2µ
‖z − (Tx+ µy)‖2 − µ

2
‖y‖2

︸ ︷︷ ︸
penalty terms

Minimizer of Lµ(x, z; y) over z

z?µ(x, y) = proxµg(Tx+ µy)

Evaluate Lµ(x, z; y) at z?µ

Lµ(x; y) := Lµ(x, z?µ; y)

= f(x) + Mµg(Tx+ µy) − µ
2‖y‖2

continuously differentiable in x and y

Dhingra, Khong, Jovanović, IEEE TAC ’18
6 / 21



Proximal augmented Lagrangian

Lµ(x, z; y) = f(x) + g(z) +
1

2µ
‖z − (Tx+ µy)‖2 − µ

2
‖y‖2

︸ ︷︷ ︸
penalty terms

Minimizer of Lµ(x, z; y) over z

z?µ(x, y) = proxµg(Tx+ µy)

Evaluate Lµ(x, z; y) at z?µ

Lµ(x; y) := Lµ(x, z?µ; y)

= f(x) + Mµg(Tx+ µy) − µ
2‖y‖2

continuously differentiable in x and y

Dhingra, Khong, Jovanović, IEEE TAC ’18
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Primal-dual gradient flow dynamics

Primal-descent dual-ascent

[
ẋ
ẏ

]
=

[
−∇xLµ(x; y)
∇yLµ(x; y)

]

=

[
−(∇f(x) + T T∇Mµg(Tx+ µy))

µ(∇Mµg(Tx+ µy)− y)

]

• Lipschitz cts RHS

• x̄ = x?, ȳ = y? – optimal solution

Dhingra, Khong, Jovanović, IEEE TAC ’18
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µ∇Mµg(v) = v − proxµg(v)



Related work

Global exponential stability

• Theory of IQCs

• Frequency-domain KYP Lemma

• Estimation of convergence rate

Dhingra, Khong, Jovanović, IEEE TAC ’18
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minimize
x

f(x)

subject to T x = b

minimize
x

f(x)

subject to T x ≤ b



Related work

Global exponential stability

• Problems with linear equality/inequality constraints

• Lyapunov-based characterization

• Estimation of convergence rate

Qu, Li, L-CSS ’19

V (w̃) = w̃TP w̃

P :=

[
I αT T

αT βI

]
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w̃ := w − w? =
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y

]
−
[
x?
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Primal-dual gradient flow dynamics

[
ẋ
ẏ

]
=

[
−(∇f(x) + T T∇Mµg(Tx+ µy))

µ(∇Mµg(Tx+ µy)− y)

]

⇓

[
ẋ
ẏ

]
=

[ −(mfI + 1
µ T

TT ) −T T
T 0

] [
x
y

]
−

[
I
0

]
(∇f(x) − mfx) +

[ 1
µ T

T

−I

]
proxµg(Tx+ µy)
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µ∇Mµg(v) = v − proxµg(v)



Nonlinear feedback model
proxµg

∇f −mfI

ẇ = Aw +Bu
ξ = Cw

u1

u2

ξ1 = x

ξ2 = Tx+ µy

u1 = ∇f(ξ1)−mfξ1 u2 = proxµg(ξ2)

LTI system

A =

[ −(mfI + 1
µT

TT ) −T T
T 0

]

B =

[ −I 1
µT

T

0 −I

]
, C =

[
I 0
T µI

]
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[
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w =

[
x
y

]

output ξ input u



Quadratic Lyapunov function

V (w̃) = w̃TP w̃

P =

[
αI βT T

βT γI + ζTT T

]
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w̃ := w − w? =

[
x
y

]
−
[
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y?

]



Quadratic Lyapunov function

V (w̃) = w̃TP w̃

P = α

[
I 1

µT
T

1
µT (1 +

mf
µ )I + 1

µ2
TT T

]
� 0

A – Hurwitz

ATP + PA = −2α

[
mfI 0

0 (1/µ)TT T

]
≺ 0.
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w̃ := w − w? =

[
x
y

]
−
[
x?

y?

]



Sector nonlinearities

∇f −mfI
ξ1 u1

proxµg
ξ2 u2
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Integral Quadratic Constraints

∇f −mfI

µ∇Mµg

u1

u2

ξ1

ξ2

ξ1

u1(ξ1)
Lf

mf

ξ1

u1(ξ1)
Lf −mf

ξ2

u2(ξ2)
1

I f − mf

2 ‖x̃‖2 convex because f is mf -strongly convex

I Lf Lipschitz continuous gradient of convex function

[
ξ − ξ0

u − u0

]T [
0 LfI
LfI −2I

]

︸ ︷︷ ︸
ΠLf

[
ξ − ξ0

u − u0

]
≥ 0
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Pointwise quadratic constraints
[
ξi − ξ?i
ui − u?i

]T [
0 Li I
Li I −2 I

]

︸ ︷︷ ︸
Πi

[
ξi − ξ?i
ui − u?i

]
≥ 0

Lessard, Recht, Packard, SIAM J. Opt. ’16
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Global exponential stability

V̇ =

[
w̃
ũ

]T [
ATP + PA PB

BTP 0

] [
w̃
ũ

]

• Quadratic constraint
[
w̃
ũ

]T [
0 CTΠ0

Π0C −2Λ

] [
w̃
ũ

]
≥ 0

Exponential stability condition

[
−(ATP + PA+ 2ρP ) −(PB + CTΠ0)
−(PB + CTΠ0)T 2Λ

]
� 0

Hu, Seiler, IEEE TAC ’16
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Exponential convergence rate

[
−(ATP + PA+ 2ρP ) −(PB + CTΠ0)
−(PB + CTΠ0)T 2Λ

]
� 0

⇓

V̇ ≤ −2ρV

Exponential decay

‖w(t) − w?‖ ≤ √κP e−ρt ‖w(0) − w?‖

16 / 21

[
w̃
ũ

]T [
w̃
ũ

]



Main result

Global exponential stability with rate ρ > 0

‖w(t) − w?‖ ≤ √κP e−ρt ‖w(0) − w?‖

ρ ≥ ρ0(µ) :=
1

2

σmin(T )

µ+mf + σmax(T )
µ

• µ ≥ max(L̂, µ̂)

I L̂ = Lf −mf > 0

I µ̂ ≥ σmax(T ), 2mf ≥ σ2
max(T )

2µ̂
(1 +

mf

µ̂
) + 8ρ0(µ̂)

2

µ̂
+ 2ρ0(µ̂)
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Example

minimize
x

1
2x

TQx + qTx

subject to Tx ≤ b
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Example

minimize
x, z

f(x) + g(z)

subject to Tx − z = 0

f(x) = 1
2x

TQx+ qTx

g(z) = {0, z ≤ b;∞, otherwise}
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Exponential convergence

‖w(t)− w?‖
‖w?‖

κQ ≈ 1.2 κQ ≈ 27.7

time time
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Convergence rate

ρ = 1
2

σmin(T )

µ+mf+
σmax(T )

µ

ρ =
σ4
min(T )

80σ2
max(T )Lf max

(
µσ2max(T )

mf
,
Lf
mf

)2

max

(
1

µLf
,
Lf
mf

)2

κQ ≈ 1.2 κQ ≈ 27.7

ρ

µ µ

Qu, Li, L-CSS ’19
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Summary

Primal-dual gradient flow dynamics

• Lyapunov-based convergence analysis

• Less conservative rates

Future work

• Optimal convergence rate

• Discretized algorithms

21 / 21


