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Nonsmooth composite minimization

minimize f(z) + g9(Tz)
performance structure

T — select coordinates to impose structure
f — strongly convex; Lipschitz cts gradient

g — non-differentiable; convex
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Examples

Optimization problem 9(z)
minimize f(z) 0. = —1b
- 9(z) = { .
subject to Tz = b oo, otherwise

minimize f(x) 0. 2<b

x ’ =

. 9(z) = .
subjectto Tx < b oo, otherwise

mmimmize flz) + v || Tz g9(z) = vzl
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Proximal operator and Moreau envelope

Proximal operator

. 1
prox,,(v) := argmin g(z) + o |z — v|)?
z M

Moreau envelope

1
Myg(v) = g(prox;y(v)) + 57 |[prox,,(v) - v”

Parikh, Boyd, FnT in Optimization '14
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Proximal operator and Moreau envelope

Proximal operator

. 1
prox,,(v) := argmin g(z) + o |z — v|)?
z M

Moreau envelope
1 2
M,4(v) = g(prox,,(v)) + % [prox,,,(v) — v

continuously differentiable in v
/1V\ ,“_]( ) = v prOX;U( )

Parikh, Boyd, FnT in Optimization '14
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Augmented Lagrangian
minixmize f(z) + g(Tx)

I
minimize f(z) + g(z)

T,z

subjectto Tx — 2z = 0
Augmented Lagrangian

Luw i) = J(@) + 9(2) + o7 (Ta=2) + oo Te 2|

N

~
penalty terms

Boyd, Parikh, Chu, Peleato, Eckstein, FnT in Optimization ’11

5/21



Lule,zy) = @) + 9(2) + -1z — (Ta+ w2 = £yl
2u 2

penalty terms

Dhingra, Khong, Jovanovi¢, IEEE TAC '18
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Lule,zy) = @) +9() + ol = @Ta+ m)|2 — £y
21 2

.

penalty terms

Dhingra, Khong, Jovanovi¢, IEEE TAC '18
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1
Lu(z,zy) = f(z) + g(2) + ZHZ— (Tz + py)l” - %HZJHQ

.

penalty terms

Minimizer of £, (z, z; y) over z

z(z, y) = prox, (Tz + py)

Dhingra, Khong, Jovanovi¢, IEEE TAC '18
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Proximal augmented Lagrangian

1
Lulw zy) = f(z) +9() + 3 7lI= = (Tz + py)||* — %Ilyll2

.

penalty terms

Minimizer of £, (z, z; y) over z

z(z, y) = prox, (Tz + py)

Evaluate £, (z,z;y) at
Lu(zy) = Lu(z,2y)

= f(@) + Muy(Tz + py) — Lly|2

Dhingra, Khong, Jovanovi¢, IEEE TAC '18
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Proximal augmented Lagrangian

1
Lu(z,zy) = f(z) + g(2) + ZHZ— (Tz + py)l” - %HZJHQ

.

penalty terms

Minimizer of £, (z, z; y) over z

z(z, y) = prox, (Tz + py)

Evaluate £, (z,z;y) at
Lu(zy) = Lu(z,2y)

= f(@) + Muy(Tz + py) — Lly|2

continuously differentiable in z and y

Dhingra, Khong, Jovanovi¢, IEEE TAC '18
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Primal-dual gradient flow dynamics

Primal-descent dual-ascent

[ & ] B [ —VoLy(x;y) ]
0} B VyLu(z;y)
[ —(Vf(@) + TTVM,y(Tx + py))
(VMo (T + py) — y)
pVM,4(v) = v — prox,,(v)

Lipschitz cts RHS

e Tz =2x* y=y* — optimal solution

Dhingra, Khong, Jovanovi¢, IEEE TAC '18
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Related work

Global exponential stability

« Theory of IQCs
e Frequency-domain KYP Lemma

 Estimation of convergence rate

Dhingra, Khong, Jovanovi¢, IEEE TAC 18
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Related work

Global exponential stability

» Problems with linear equality/inequality constraints
 Lyapunov-based characterization

 Estimation of convergence rate

Qu, Li, L-CSS’19
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Related work

Global exponential stability

» Problems with linear equality/inequality constraints
 Lyapunov-based characterization

 Estimation of convergence rate

Qu, Li, L-CSS’19

minimize f(x) minimize f(x)
x T

subjectto Tz = b subjectto T'x < b
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Related work

Global exponential stability

» Problems with linear equality/inequality constraints
 Lyapunov-based characterization

 Estimation of convergence rate
Qu, Li, L-CSS '19

V() = o' Pw

I oT?
Po= [aT BI ]

e ok
wi=w—w* = { ! } — { ‘L* }
Y Y



Primal-dual gradient flow dynamics

[ i ] B [ —(Vf(x) + TTV M, o(Tx + 1)) ]
78 (VMg (T + py) — y)
puVM,4(v) = v — prox, (v)
y

] _ [ (gl +,T°T) =17 ][

MR M
3| 1@ mg)+
-

m

I :| prOX,ug(Tx + My)
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Nonlinear feedback model

& =Tr+ py U2
output & -prox“g input u
= u
51 m ‘7f —’ﬂlfI !

w = Aw+ Bu T
£ = Cw w= [ ) }
up = V(&) —myp& uz = prox,,(&2)
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Nonlinear feedback model

& =Tr+ py U2
output & B -prox“g B input u
él;::544> ‘7f —’ﬂlfI !
w = Aw + Bu T
uy = vf(é.l) - mfgl Uz = Pprox,, (52)
LTI system

A —(mgl +,T7T) =T
T 0

—7 LT I 0
= I C =
b [0 —I]’ [T uf}
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Quadratic Lyapunov function
V(w) = o' Pw

al pTT
P = pe
BT ~I + ¢T'T

W= w — wt = '
1



Quadratic Lyapunov function

I it
P = « 1 mfu 1 T - 0
A — Hurwitz
T _ mf_[ 0
AP + PA = Qa[ 0 (1/M)TTT]<O'



Sector nonlinearities

&1

—> Vf—mfI

prox,,

u1(&1)

Uy

Lyfmy

uz(&2)

uz

&

&2
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Sector nonlinearities

u1(61) Ly fomy us(&2) 1

& &2

Pointwise quadratic constraints

[sz-—s;ﬂo LilH&—S]>
u;p — Uy L;I =21 w —uy | T

(N

e}

~
11;

Lessard, Recht, Packard, SIAM J. Opt. '16
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Global exponential stability

u

- [T

» Quadratic constraint

7] (oo S ][ 0] =0

Hu, Seiler, IEEE TAC 16
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Global exponential stability

u

- [T

» Quadratic constraint
w oo ot s
U I, —2A u |
Exponential stability condition

[ —(ATP + PA+2pP) —(PB+ CTIy)

—(PB + CTTIy)” 2A } =0

Hu, Seiler, IEEE TAC '16
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Exponential convergence rate

—(ATP + PA+2pP) —(PB+ CTIy)
= 0
—(PB+ CT1Iy)" 2A -

Exponential decay

IN

VeEpe ™ w(0) — w*|

[w(t) = w]]
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Main result

Global exponential stability with rate p > 0
[w(t) — w*| < VEpe " [lw(0) — w*|

1 Omin (1)
,u + m + Umax(T)

p = po(p) =
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Main result

Global exponential stability with rate p > 0
[w(t) — w*| < VEpe " [lw(0) — w*|

1 Omin (1)
,u + m + Umax(T)

p = po(p) =

02 )2 ~
> > omax(T), 2my > ZepD (14 L) 4 B0l 9 (1)
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Example

o . . 1 T T
minimize 5 Qr +q' x

subject to Tx < b
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Example

minimize f(x) + g(2)

T,z

subjectto Tz — z = 0

f(x) = §a"Qr + ¢

g(z) =10, z < b; oo, otherwise}
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Exponential convergence

[w(t) — w*]

[
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Convergence rate

P = % T o™ P= 7ninT) 2 2
Imax 2 L L
pmyp+ H 8002, (T)Ly max(iuomaX(T) ,—f> max(—i ,—f>
mf mf HLpomy
RQ ~ 1.2 RQ ~ 27.7
10° : : 10°
oo ->-Qur result -
Seeo___ re@ulil9) o T JRRRRREEEEE aRROEEEEE
1072 o -e-Our result
< \ 107 --(Qu,Li,19)
104 el
T T -0l T ST e
107
0 10 20 30 40 50 30 40 50 60 70 80
1% H

Qu, Li, L-CSS 19
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Summary

Primal-dual gradient flow dynamics
 Lyapunov-based convergence analysis

» Less conservative rates

Future work
« Optimal convergence rate

« Discretized algorithms
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